PACS 05.45.Xt -Synchronization; coupled oscillators PACS 82.40.Ck -Pattern formation in reactions with diffusion, flow and heat transfer PACS 05.45.-a -Nonlinear dynamics and chaos Abstract -Using numerical and experimental tools, we study the motion of two coupled spiral cores in a light-sensitive variant of the Belousov-Zhabotinsky reaction. Each core resides on a separate two-dimensional domain, and is coupled to the other by light. When both spirals have the same sense of rotation, the cores are attracted to a circular trajectory with a diameter quantized in integer units of the spiral wave length λ. When the spirals have opposite senses of rotation, the cores are attracted towards different but parallel straight trajectories, separated by an integer multiple of λ/2. We present a model that explains this behavior as the result of a spiral wavefront-core interaction that produces a deterministic displacement of the core and a retardation of its phase. 
sults in a coherent motion of their spiral cores, namely cir-23 cles for co-rotating and straight lines for counter-rotating 24 spirals. This motion was later also observed in coupled 25 cGL by [18] .
26
These large scale spiral core motions are the subject 27 of this paper. We observe for the first time experimen-28 tally coherent motion of two coupled spiral cores in a 29 light sensitive Belousov-Zhabotinsky (BZ) reaction. The 30 BZ reaction [19, 20] in two dimensions exhibits spatio-31 temporal patterns such as spiral or target wave. In the 32 light-sensitive variant [21] the wavefront speed and thus 33 the spiral frequency can be altered with illumination [22] , 34 making the BZ reaction an ideal system to study the cou-35 pling of spatially extended oscillating systems.
36
We also utilize numerical simulation to investigate the 37 large scale motion. We find that when spirals share the 38 same sense of rotation, their cores move along a common 39 circular path with a diameter quantized to integer multi-40 ples of λ where λ is the distance between crests of a spiral 41 wavefront along the radial direction originating from the 42 core. When the spirals have opposite sense of rotation 43 their cores move on different but parallel straight trajec-44 tories separated by integer multiples of λ/2. We developed 45 a deterministic model that reproduces these quantized or-46 bits based on the simple premise that each wavefront cross-47 ing a core perturbs the core position and phase. Quantized 48 obits are limit cycle attractors within this model.
49
In our numerical simulations we integrate the two-50 variable Oregonator model [23, 24] with forcing (see e.g. 51 p-1 overruns any areas with homogenous oscillations.
71
The forcing term I i ( x, t), was calculated as follows: the other. We call these domains cell 1 and cell 2. The 100 light from the projector is filtered with a shortpass filter 101 (λ light < 475 nm) before striking the reactor. Before each 102 experimental run, in each cell we coaxed the formation of a 103 single spiral with a predefined core location by projecting 104 a slowly rotating Archimedean spirals.
105
The cells were coupled by a camera and video projec-106 tor system. The image of one cell was captured with a 107 monochrome camera (PixeLink PL-E531MU), binarized, 108 and projected (Optoma TX542) back onto the other cell, 109 and vice versa. In each cycle the threshold was reset to 110 the 60th percentile of the intensity distribution. During 111 image capture a diffuser was placed in front of the pro-112 jector and the output of the projector was set to a uni-113 form image dimmed to the minimum level. Since the fil-114 tered light is absorbed by Ru(bpy)
2+ but not Ru(bpy) 3+ , 115 the Ru(bpy)
2+ -rich regions appeared dark in transmission 116 whereas the Ru(bpy)
2+ -poor (Ru(bpy) 3+ -rich) regions ap-117 peared bright. The duration of each cycle -and thus the 118 refresh time of the projected image -was typically less 119 than two seconds, which is small in comparison to a typi-120 cal 40 s spiral period. Thus, we don't expect the capture-121 projection cycle to introduce additional forcing to the sys-122 tem.
123
We find in experiments and simulations that spirals with 124 the same sense of rotation are attracted to a circular limit 125 cycle (see Fig. 1 ). [17] observed similar phenomena in sim-126 ulations but with a different coupling scheme. Initially the 127 cores exhibit a transient, particularly clear in simulations, 128 before settling on a limit cycle. In simulations the limit 129 cycles in both cells are identical, whereas in experiments 130 they exhibit small differences that we attribute to inhomo-131 geneities in the membrane and misalignment of the optical 132 system.
133
The trajectories in the xy-plane are well described by
where R, Ω and Θ 0 are the radius, rotational frequency 134 and phase of the large revolution, and r, ω and ψ 0 de-135 note the same quantities for the small but faster cycloidal 136 motion. Here we focus on R, Ω and Θ 0 .
137
We conducted multiple simulations with a range of ini-138 tial core-to-core separation distances d 0 , tracked the core 139 positions, and fit these to eq. 4. In all cases the phase 140 difference was Θ behavior was also observed in simulations by [17] . We also depend on the initial phases ψ 0 .
168
The quantization of the trajectories is recovered from a model based on the idea by [33] that a short light pulse causes a displacement h of the spiral core and a phase lag δθ. We approximate the spiral as a counterclockwise rotating Archimedian spiral
where ψ 0 and ω are the same as in eq. 4. We assume that passage of a wavefront from spiral #1 across the core of #2 (and vice versa) is equivalent to Zykov's short light-pulse.
Therefore, after k such wavefronts
We also assume that the light pulse shifts the spiral core location z = x + iy by δz. The direction of the shift depends on the instantaneaous spiral phase. Following [33], we code the directionality using δz = h exp(iϕ + iθ 0 (t)). After k + 1 pulses the core's location is
We first consider two counter-clockwise rotating spirals with their cores at positions z (1) and z (2) . Spiral #1 experiences a light pulse whenever an arm from spiral #2 passes z (1) . This condition is met when θ (2) = arg(z (1) − z (2) ) + 2πn 1 with θ (2) specified by eq. 5, where n 1 is any integer, and r = |z (1) − z (2) |. For spiral #2 the expression is the same with 1 → 2 and 2 → 1. Under the assumption that the frequencies of both spirals (ω) are the same 1 , combining this with eq. 6 yields :
(8) where j, l ∈ {1, 2} and j = l. t j is the time when core j is hit by a wavefront from core l. Solving 8 for ωt 1 and ωt 2 , inserting the result into 7, and substituting ∆ψ = ψ
k , the location of the jth core after k + 1 pulses is: Note, the introduction of the Kronecker delta δ j2 which originates from the relation arg(−∆z k ) = arg(∆z k )+π. Thus the vector between core #1 and #2 is ∆z k+1 = ∆z k + δ∆z k with
We now analyze the map given by Eq. 10. First we note that for the special case of ∆ψ = (2n+1)π/2 (n ∈ Z), ∆z k is constant for all times and k. For other values of ∆ψ, the dynamics are more interesting. We look for solutions of Eq. 10 with constant core-to-core distance |∆z|. These occur when δ∆z k is perpendicular to ∆z k :
Solving for |∆z k |:
Eq. 12 shows already the quantization of |∆z| and thus 169 also of R. However, not all of these steady solutions are 170 and thus cause a longer forcing to the other spirals core.
195
Applying the same reasoning to counter-rotating spirals, we arrive at an expression for the difference vector between cores:
(13) From eq. 13, we see, that ∆z is constant for all k if (14) Eq. 14 shows the same quantization of the spiral distances Red horizontal lines mark predictions by eq. 14, with ϕ and λ calculated from the case of two spirals with the same orientation.
